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We consider functionals of the calculus of variations of the form 
F(u) = j-’ f(x. u, u’) dx 
0 
defined for UE W’,m(O, l), and we show that the relaxed functional F with respect 
to weak W’~‘(O, 1) convergence can be written as 
where the additional term L(u), called the Lavrentiev term, is explicitly identified 
.in terms of F. 0 1992 Academic Press, Inc. 
1. 1NTRoDucT10~ 
The term Laurentieu phenomenon refers to a surprising result first 
demonstrated in 1926 by M. Lavrentiev in [La]. There it was shown that 
it is possible for the variational integral of a two-point Lagrange problem, 
which is sequentially weakly lower semicontinuous on the admissible class 
of absolutely continuous functions, to possess an infimum on the dense 
subclass of C’ admissible functions that is strictly greater than its minimum 
value on the full admissible class. Since that time there have been 
additional works devoted to: 
(a) simplifying the original example (Mania [Ma], Heinricher and 
Mizel [HMl]); 
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(b) demonstrating that the phenomenon can occur even with fully 
regular integrands (Ball and Mizel [BMl, BM2], Davie [Da], Loewen 
cLoI); 
(c) devising conditions which forestall occurence of the phenomenon 
(Angel1 [An], Cesari [Ce], Clarke and Vinter [CV]); 
(d) sharpening the specification of the precise dense subclass of 
admissible functions for which the Lavrentiev gap occurs (Ball and Mizel 
[BM2], Heinricher and Mizel [HMl]); 
(e) presenting an analogous gap phenomenon in stochastic control 
and in certain (deterministic) Bolza problems (Heinricher and Mizel 
[HM2, HM3]). 
Ball and Mizel’s investigation [BM2] was undertaken in response to 
certain previously unresolved foundational questions in nonlinear elasticity. 
There remains open the question of whether in boundary problems of 
nonlinear elasticity the presence of Lavrentiev’s phenomenon signals the 
onset of elastic fracture: the force distribution associated with an elastic 
deformation which provides a global minimum for the elastic energy is then 
more singular than that associated with minimizers over subclasses of 
smooth admissible deformations. 
The Lavrentiev phenomenon also provides a serious obstacle for numeri- 
cal schemes of minimization: the cost of any sequence in the smoother 
admissible class is bounded away from the true minimum value. Further- 
more, when a minimizer over the smoother admissible class exists, the 
approximation scheme typically converges to this suboptimal solution. 
Ball and Knowles [BK] (see also [Kn, Zo] ) have succeeded in the 
development of numerical approximation schemes which do detect the 
lower energy singular minimizers. 
As a simple example of a problem in which the Lavrentiev phenomenon 
arises, consider the functional 
F(u) = j; (u’(x) -x)’ Id( fix 
over the set 
d=((uE W’~‘(O, 1):U(o)=o,u(l)=S}. 
Here (see [Mill or [He]) the global minimum over the set J#’ is given by 
10 if 1.~1 < 1 
do ---a+-p- 5 5 1 
2 3 6 
if IsI > 1, 
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while the intimum over the C’ or Lipschitz functions in Z! is given by 
The present article revises the above classical view of the phenomenon. 
Here we adopt the viewpoint that the Lavrentiev gap is actually a relaxa- 
tion phenomenon assigning to each admissible function u a Lavrentiev term 
L(u) > 0 which specifies the magnitude of the gap between the value of the 
variational functional itself on u and the smallest sequential ower limit of 
the values it takes on Lipschitzian admissible functions converging weakly 
to U. Accordingly, given a sequentially weakly lower semicontinuous (for 
short “1.s.c.“) functional G defined on the class of all admissible functions, 
we proceed first to examine the functional F which coincides with G on the 
Lipschitz class but is assigned value +co on all non-Lipschitzian 
admissible functions. We seek the 1.s.c. envelope P of F (i.e., the maximal 
sequentially weakly 1,s.~. functional dominated by F) on the full class 
of absolutely continuous admissible functions. Then L(U) is the quantity 
(nonnegative because of the 1.s.c. behavior of G) defined for all admissible 
functions u by 
F(u) = G(u) + L(u). 
In Section 2 a characterization of L(u) is provided in terms of the value 
jhzction V associated with the Lagrange problem. This description reveals, 
in particular, that the Lavrentiev term is local in nature; the quantity L(u) 
is given as a limiting value of V(x, u(x)) as x converges to a critical 
abscissa for the integrand (Theorem 2.1). This description is then utilized in 
Section 3 to provide a rather explicit calculation of L(u) for integrands 
satisfying a homogeneity condition (whose relevance to the Lavrentiev 
phenomenon was pointed out in Heinricher and Mizel [HM 11) as well as 
for the far larger class of integrands which only satisfy the homogeneity 
condition in an asymptotic sense near the relevant critical abscissa. In 
particular, the integrand presented by Mania [Ma] is fully analyzed by 
following this approach. Section 4 is devoted to the analysis of the 
Lavrentiev phenomenon in the case of an integrand which is discontinuous 
in its arguments; here the Lavrentiev term L(u) is again calculated 
explicitly. Finally, in Section 5 the Lavrentiev phenomenon is considered 
in a very general framework. Moreover, the presentation of certain 
multidimensional problems permits a clear discussion of the Lavrentiev 
phenomenon for general integral functionals of the calculus of variations. 
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2. A GENERAL REPRESENTATION OF THE LAVRENTIEV TERM 
In this section we prove a rather general result on the representation of 
the relaxed functional associated to an integral of the calculus of variations. 
Let 52 be the interval 10, l[; we consider the following spaces: 
W’~‘(O, 1) the space of all absolutely continuous functions U: Q -+ R; 
Lip[O, l] the space of all Lipschitz continuous functions u: 52 + R; 
LipI,,]O, l] the space of all functions u: 52 --f R which are Lipschitz 
continuous on every interval [S, 11 with 6 > 0. 
Moreover we set 
d = {u E W’,‘(O, 1) n Lip,o,.]O, 1): u(0) = 01. 
Let f: Q x R x R + R be a function such that 
fis of Caratheodory type (i.e., f(x, S, z) is measurable in x 
and continuous in (s, z)); 
f(x, s, .) is convex on R for every (x, s) E Q x R; 
f(x, s, 0) = 0 for every (x, S) E Q x R; 
there exists a function o: Q x R x R -+ [0, +co[ with 
o(x, r, t) integrable in x and increasing in t and t such 
that 
for every (x, s, z) E Q x R x R. (2.4) 
For every u E J$ we define 
G(u) = j: f(x, u, u’) dx 
if 24 E Lip[O, l] 
otherwise 
(2-l 1 
P-2) 
(2.3) 
and we denote by F the greatest functional on SZ? which is sequentially 1.s.c. 
with respect to the weak W’,‘(O, 1) topology and less than or equal to F. 
Our goal is to give a representation of F on d. Of course, since G is 
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sequentially weakly 1.s.c. on W’~‘(O, 1) (see for instance Ioffe [IO], or 
Buttazzo [Bu, Chap. 4,]) we have 
F(u) 2 G(u) for every u E d. 
Moreover, by the inequality FQ F we get 
F(u) = G(u) for every u E Lip[O, 11. 
In order to characterize the functional F on d we introduce the value 
function V(x, S) defined for every (x, S) E Q x R by 
V(x, S) = inf 
0 
Y(Y ) 2.4, 2.4’) dy: u E Lip[O, x], u(0) = 0, u(x) = s 
0 I 
and its lower semicontinuous envelope V(x, S) with respect o s 
V(x, S) = lim inf V(x, t). 
,+s 
Finally, for every u ES? we define the “Lavrentiev term” 
L(u) = limiiff V(x, u(x)). 
The main result of this section is the following. 
(2.5) 
THEOREM 2.1. For every u E sz! we have 
F(u) = G(u) + L(u). 
In order to prove Theorem 2.1 we need some preliminary results. 
LEMMA 2.2. Let u E & and let uh E L@[O, l] be such that u,,(O) = 0 and 
u,, + u weakly in W’x’(O, 1). Then 
G(u) + L(u) < fl’ipinf F(u,J. 
Proof. Fix 6 > 0; for every h E N we have 
Fcd=i‘,‘rC X, u,,, U;) dx + ; j-(X, U,,, U;) dx I 
2 
s 
f ftx, uh, 4) dx + v(6, wz(b)) 
X, Uh, Uj,) dx + P(s, Uh(b)). 
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Passing to the lim inf as h --f +cc and recalling that the assumptions made 
on the integrand f provide the weak sequential W’,’ lower semicontinuity 
of the functional u H Jj f(x, u, u’) dx, we get 
j;‘“lWuI)q;f( x, u, u’) dx + FiFinf V((6, u/,(c~)) 
2 *lf( s x, u, u’) dx + Y(b, u(b)), 
where the last inequality follows from the fact that V(x, S) is 1s.~. with 
respect to s. Passing now to the lim inf as 6 + 0, we obtain 
liiminfF(u,)>limi;fJ‘l f(x,~,z/)dx+lim+i~fP(6,u(fi)) 
+ 6 
= df( s 
x, u, u’) dx + L(u) = G(u) + L(u). 1 
LEMMA 2.3. The functional G + L is sequentially I.s.c. on d with respect 
to the weak W’%‘(O, 1) topology. 
Proof Take U, U,,E d with u,, + u weakly in W’,‘(O, 1); we have to 
prove that 
G(u) + L(u) < fiminf [G(u,J + L(+)]. 
Without loss of generality, we may assume that the lim inf at the right- 
hand side is a finite limit. Let xh + 0 be a sequence such that 
for every h E N; (2.6) 
by the definition of B and by the properties off we may find a sequence 
s,, + 0 such that for every h E N 
Is/l - %(%)I <;, 
wf, Sh) d@h, %kGJ) +$, 
(2.7) 
i ’ f( 
x, u,+s,-uu,(x,), u;)dx< ’ f(x, uh, u,)dx+;. 
s Xh WI 
(2.9) 
580/110/2-14 
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Finally, let uh E Lip[O, xh] be such that 
Uh(O) = 0, VhtXb) = sh, 
s 
x”f(x. Oh ,&)dx< k++,,s,)+;. (2.10) 
0 
By property (2.3) off it is easy to see that oh can be taken monotone; 
hence, setting 
{ 
uh(x) + sh - #htxh) if x>xh w,,= 
Uh(X) if x<xxh 
we have w,~Lip[O, 11, wh(0)=O, and 
= Uh(Xh) + s’* l&l dx=s,, + [;* lu;l dx. 
0 
Since s,, + 0 and u; are equi-integrable on Q, we get 
lim 114 - 411 Lf(o, I)- 0, h-r +m 
so that wh + u weakly in W’*‘(O, 1). Therefore, by using Lemma 2.2 and 
(2.6~( 2. lo), we obtain 
’ f(x, uh + sh - Uhbh), d) dx + [;’ f(x, uh, f&) dx] 
< lim inf 
[I 
’ f( 
h++m xh 
x, u/,, u;) dx + I/(x,, s,,) + f 1 
Gliminf 
h+ +m 
G(U,)+&,)+; 1 
Proof of Theorem 2.1. It is easy to see that 
L(u) = 0 for every u E Lip[O, 11, u(0) = 0, 
so that G+L<Fon A%‘. By Lemma2.3 we have G+L<Fon d, and so 
the proof is achieved if we prove that 
F(u) < G(u) + L(u) for every uE&. 
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Let us fix u E d and let xh + 0 be such that 
L(u) = h “y, Gh, Gh)). (2.11) 
By the definition of P and by the properties off we may find a sequence 
s,, -+ 0 such that for every h EN 
(2.12) 
V(x,, s/J G m,, U(Xh)) + ;7 (2.13) 
I ' f( x,u+s,-U(Xh)rU')dX~ lf(x,Y.Uwx+~. f (2.14) Xh Xh 
Finally, let u,,~Lip[O, xh] be such that 
Uh(O) = 0, uhbh) = sh, X,Y,,t&)dX< lqx,,s/J+;. (2.15) 
As in the proof of Lemma 2.3, setting 
Whb) = 
u(x) + sh - u(xh) if x>xh 
uh(x) if xdx,, 
we have W,,E &CO, 11, ~~(0) =O, and 
lim (lw~-t4’((L~~0,1~=0. 
h- +m 
Hence w,, + u strongly in W’~‘(O, 1) and, by using (2.11)(2.15), we obtain 
= lim inf 
D 
l f(x,u+Sh-U(Xh)r U')dr+Sor.f(x,v,,v;)dx] 
h++m x* 
X, U, U’) dx + v(x,, $,) + f 1 
“fiii$f G(u)+ ~(x,,u(X,))+~]=G(u)+~(u). l 
[ 
Remark 2.4. It is known that for a two point variational problem 
the Lavrentiev phenomenon can arise from behavior of the integrand at 
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interior points of the interval of integration as well as at the endpoints 
[BM2, Da]. However, the perceptive reader will realize that the choice of 
class d given before (2.1) has the effect of permitting an analysis via 
Theorem 2.1 of a possible Lavrentiev gap at any point (x,, uO) E 52 x R in 
a manner which is unconnected with the presence or absence of such a gap 
at other points in 52 x R. It is simply a matter of translating axes in R2 
(possibly with reflection to include cases with x0 as the right endpoint of 
a subinterval) so as to bring (x,, uO) to the origin. 
One consequence of this approach is that for an integrand f which at all 
points (x,, uO) fails to have a nonzero Lavrentiev term in the sense of 
Theorem 2.1, there is no function u E W’~‘(O,l) possessing a nonzero 
W1,lPW’,co Lavrentiev term. In the general case, the analysis of this 
Lavrentiev term can actually be carried out by use of Theorem 2.1 
whenever the function u has finitely many singular points. On the other 
hand, we do not know the form of the W1~l-W’~m Lavrentiev term L(u) 
in the case of arbitrary UE W’,‘(O, 1). 
3. SOME PARTICULAR CASES 
In this section we discuss some particular cases in which the expression 
of the Lavrentiev term L(U) can be reduced to a simpler form. To begin 
with, let us consider an integrand f satisfying conditions (2.1 t(2.4) and the 
following invariance property (see Heinricher and Mizel [ HM 1 ] ): 
there exists y E IO, 1 [ such that for every t > 0 and (x, s, z) E 52 x R x R 
zf( tx, Ps, tY ~ ‘z) =f(x, s, z). (3.1) 
In this case the following proposition holds. 
PROPOSITION 3.1. For eoery u E d 
L(u) = lim inf F u(x) 
( > 
1, - 
x-0 xy 
Proof Let us fix (x, s)ESZ x R and u~Lip[O, x] with u(O) =0 and 
U(X) = s. Setting y = tx and v(t) = x-“u( tx) we get 
j)l~> U(Y)&(Y)) dy = jol xfxt, Nxt), u’(xt)) dt 
= 
s 
1 
xf(xt, x%(t), xy - ‘u’(t)) dt 
0 
= ; f(t, u(t), u’(t)) dt. I 
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Therefore 
V(x,s)=inf{F(v):u~Lip[O,1],o(O)=O,u(l)=sx~Y}=1/(1,sx~Y) 
and the conclusion follows from formula (2.5) for the Lavrentiev term. 1 
EXAMPLE 3.2. Let p > 1, a E 10, l[, and let 
f(x, s, z) = Is-x11 IzIP. 
It is easy to see that, if IX = (p - l)/(p + l), then f satisfies all conditions 
(2.1)-(2.4) and the invariance condition (3.1) with y = a. By Heinricher and 
Mizel [HMl 1, for every s E R we have 
inf(F(o): u~Lip[O, I], u(O)=O, u(l)=s} =G(u,), 
where u, is the function 
u,(x) = sx@ (I(=$). 
Therefore, an easy calculation gives 
V(1, s) = 
{ 
/?-isq1 -fis) if sQ1 
fip-‘[2(1 -I))-.P(l-PS)] if s> 1. 
Note that in this case, if U(X) = x’, we have G(u) = 0 whereas 
L(u)= V(1, l)=j”-‘(1-b). 
We consider now a larger class of integrands which only satisfy 
the homogeneity condition in an asymptotic sense near the relevant 
singular abscissa. Let p > 1, let CI E [ 1, p[, and suppose the integrand 
f: Q x R x R -+ R has the form 
f(x,s, z)=xOL-‘a(x, s) [ZIP, 
where a(x, s) is a nonnegative continuous function such that, setting 
y = (p - a)/~, for every y E Q the functions my, MY : R + [0, +co ] defined 
by 
m,(s) = inf{a(x, xys): x <y} 
M,(s) = sup{a(x, xYs): x <v} 
are locally bounded. 
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For every x, y E IR with x < y we consider the functionals 
F,,,(u)= J t’-‘m,(trYu) j~‘1~dt 
0 
J-z, y(u) = j; t’-‘M,,(tPu) lu’lpdt 
and the respective value functions 
V(x, S) = inf{FJu): u E &(x, s)} 
v,(x, Y, J)= inf{l;, x, y(u): u E d(x, s)> 
V*(x,y, s)=inf{F.z,,(u): UE&(X, s)>, 
where J&‘(x, S) is the set 
d(x, s) = {UE Lip[O, x]: u(0) = 0, u(x) = s}. 
It is immediately seen that for every s E R and every x, y E Q with x <y 
~*(x, y, s) G w, s) G v*(x, y, 3). (3.2) 
Hereafter we shall suppress the parameter y in expressions such as 
V,(x, y, S) and V*(x, y, S) when no confusion can arise. 
We now proceed to evaluate the functions V, and V* by using a 
verification argument based on the study of variational problems of the 
form 
I 
x 
inf ta-lm(t-Yu) lu’lpdt 
I 
, (3.3) 
0 
where m: R + R is a locally bounded Bore1 function. If Z(U) denotes the 
integral in (3.3) and W(x, S) is its value function, we will show that 
W(x, S) = inf{Z(u): u E 2%+(x, s)} = Z(u,), 
where uo( t) = (t/x) PYl(P- ‘)s. Indeed, setting for simplicity k = py/(p - 1 ), the 
following proposition holds. 
PROFQSITION 3.3. The function 
h(S)=pkP-’ l”m(5) lQpp’ dti 
0 
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is the solution of the Hamilton-Jacobi equation 
ySh’(S)=sup{Qh’(S)-m(S) lQlp: QER} 
h(0) = 0 (3.4) 
and for every (x, s) E Q x R 
W(x, s) = h(xpYs) = Z(u,). 
Proof. By explicitly carrying out the maximization, the Hamilton- 
Jacobi equation (3.4) becomes 
h’(S)=pW’m(S) ISlp-*S 
h(0) = 0, 
that is, 
Now let UE &‘(x, s); from (3.4), taking S(t) = tpyu(t) and Q(t) = tleYu’(t), 
we have 
t-‘W(t)) lQ(t)lP2 t-‘h’(S(t))(Q(t)-yS(t)) 
= h’(S(t)) S’(t) = (hoS)’ (t), 
where the last equality follows from the chain rule for composition 
with Lipschitz functions (see for instance Marcus and Mizel [MM1 I). 
Integrating on 10, x[ yields 
I(u)>J; (has) (t)dt=h(S(x))-rli_mo h(S(t))=h(xpYs), (3.5) 
where we have used the fact that u E Lip[O, x] implies that 
lim t -‘u(t) = 0. 
t-0 
Taking the inlimum on u in (3.5) we obtain 
W(x, s) 2 h(x-Ys). 
On the other hand, the functions 
u,(r) = { 
(UxJks if t>c 
tssk ~llx” if tc.5 
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belong to &(x, s), so that for E small enough 
wx, s) < Z(u,) = j; tap’m(fP’u,) luJpdt+ j-’ t”-‘m(trYuo) lubl” dt. 
e 
Passing to the limit as E -+ 0 it is easily seen that the first integral goes to 
0, hence 
wx, s) < Z(u,). 
An easy calculation shows that Z(u,) =h(xeYs), and this achieves the 
proof. 1 
We can now evaluate the functions V, and V*. From Proposition 3.3 we 
get 
V*(x, s) = h*(x-7s) v*(x, s) = h*(X-Ys), 
where 
h*(S)=pkP-’ josM,(5) lQ”-‘d$ 
Therefore, from inequalities (3.2), since the functions h, and h* are 
continuous, 
h,(x-)‘s) d V(x, s) < h*(x-Ys). (3.6) 
Recalling Theorem 2.1, formula (3.6) yields for every u E & 
hm$f h,(xPYu(x)) d L(u) < hm$f h*(x-?u(x)). (3.7) 
Finally, taking in (3.7) the limit as y + 0, and applying the monotone 
convergence theorem, we obtain the following result. 
THEOREM 3.4. Under the assumptions above on f (x, s, z), for every u E A?’ 
we have 
pkP-’ lim inf I j 
x-yu(x) 
x-o+ 0 ma(t) ItIp-’ d5 
<L(U) <pkP-’ lim inf M,(t) ItI”-’ & 9 
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where the functions m,, M, are given by 
me(s) = sup{m,(s): y > 0} = Ylitn+ m,(s) 
M,(s) = inf{ M,(s): y > 0} = lim 
y-o+ 
M,(s). 
Remark 3.5. The same sort of analysis can be carried out whenever 
f(x, s, z) = x-‘a(x, s) cp(x’-‘z), 
where cp is a nonnegative superlinear convex function satisfying q(O) = 0. In 
the case considered here q(z) = IzI p. 
EXAMPLE 3.6. Consider the functional studied by Mania (see for 
instance Mania [Ma], Cesari [Ce]) 
w=j; ( u’-x)2 Iu’lPdx (P>3). 
The integrand f has the form 
f(x,s,z)=(?-x)2 lzlp=x*(S3x-1-1)* lzlP 
so that CI = 3, y = (p - 3)/p, and a(x, s) = (s3xe1 - 1)‘. 
When p > 912, which corresponds to y > l/3, one finds easily 
ma(s) = M,(s) = 1 for every s E R. 
Therefore, from Theorem 3.4 
P-3 L(u)= - ( > P-l 
p-1 liminf 14x)lP 
x-o+ xP-3 . 
In particular, L(U) = +co if U(X) = x’13. 
When p = 912, which corresponds to y = l/3, one has 
ma(s) = M,(s) = (s3 - l)* for every s E R 
whence 
1 3 ‘I2 
w=,, 7 
0 
l~im~f H(Z(x)) 
with Z(x) = u3(x)/x and H(Z) = IZI 3/2 (15Z2 - 422 + 35). In particular, if 
u(x) = x1’3 
8 3 ‘I2 
L(u)=g 7 . 
0 
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When p E 13, 9/2[, which corresponds to y < l/3, Theorem 3.4 does not 
apply because the functions m, and My are locally bounded. However, it 
is possible to show that in this case the Lavrentiev phenomenon does not 
occur, that is, 
L(u) = 0 whenever J ls( x, 24, 24’) dx < +co. 0 
Indeed, if u E .& and 
lim 14xe)lp+6~o 
E--r0 E xP-1 
for a suitable sequence x, + 0, taking 
u,(x) = { 
0) if x>x, 
-4xJ/x, if x<x, 
we get 
L(u) < lim inf xC J( u’(x ) x3 2 - x x,3 E’O 0 dx 
= lim 14Q)lp+6 + I~(X,)IP 214%)lp+3 =o. 
6’0 7x;-’ -- 3x:-3 5x:-2 I 
On the contrary, if there exists c>O such that 
lu(x)l >cx(p-l)I(p+6) 
for all x small enough, we have 
J 'f( 1 & x,u,u’)dx>- i c6x6(~--l)l(~+6) lu’l~dx 0 2 0 
c6 
>-Ey;(~-~~l(~+6) lu’(y,)lp 
2 
c6 6(p-l)/(p+6) u(x,) p q&Y, 
I ! X, 
for suitable 0 < x, < y, < E. Therefore, 
J ‘f( c6 x, u, u’) dx 2 - UC%) * 0 4 x(~--1V@+6) E 
(3.8) 
which is in contradiction with (3.8) if f(x, U, u’) E L’(Q). 
LAVRENTIEVPHENOMENON 449 
4. AN EXAMPLE WITH A DISCONTINUOUS INTEGRAND 
Let us fix a real number p > 1 and a function cp E: W’,‘(O, 1) such 
that ~(0) =0 and cp E W1~p(6, 1) for every 6 >O. Define the mappings 
a,:]O,l[xR+RandF:W’~‘(O,l)-+[O,+co]by 
~qh, s) = 1 0 if s=cp(x) 1 if s#cp(x) 
r;(u)= +oo 
{ 
f:, UJX, u) IU’I p c&c if 2.4 E W’,“(O, l), u(0) = 0 
otherwise, 
and consider the relaxed functional F: WrS’(O, 1) + [0, +oo] defined by 
F= sup(G: W’S1(O, 1) -+ [O, +co]: G < F, G sequentially weakly 1.s.c.). 
The main result of this section is the following. 
THEOREM 4.1. For every u E IV’, ’ (0,l) wilh u(O) = 0 we have 
F(z4) = J’ 0,(x, u) 124’1 P dx + lim inf lW)l p * bP(x)l p xP-l (4.1) 
0 x+0+ 
The proof of Theorem 4.1 will be obtained by means of some preliminary 
lemmas. Let us define ,oZ(O, 1) = {UE W’,‘(O, 1): u(0) = 0} and, for every 
UEd(O,l) 
G(u)=l‘d a,(x, 24) [#‘I p dx 
L(u) = lim inf ‘“‘x)lp * Ill’ 
x-o+ xP- 1 
if UE Wp(O, 1) 
otherwise 
Since 
lim 14x)Ip=o 
P--l 
for every UE W’,p(O, 1) with u(0) =O, (4.2) x-o+ x 
we have 
G<G+L<F,<F on &(O, 1). 
Moreover, since G is sequentially weakly W’,‘(O, 1)-l.s.c., 
G6Fp<F on 2zZ(O, 1). (4.3) 
450 BUTTAZZO AND MIZEL 
Lemma 4.2. Let UE&(O, 1) be such that G(u)< +co. Then 
24e W’%p(6, l)for every 6 >O. 
Proof Setting E = {x E 10, l[: U(X) = q(x)}, for every 6 > 0 we get 
a,(x, 24) lu’l p dx 
<J lq~'l~dx+G(u)< +cc 
6 
Therefore u E W1-p(6, 1). 1 
LEMMA 4.3. For every u E &(O, 1) and every E > 0 there exists 
U,E W1,m(O, 1) such that u,(O) = 0, u, -+ u strongly in W’,‘(O, l), and 
liminfF(u,)<G(u)+liminf 9. 
&4Of x-o+ (4.4) 
Proof: Let u E d(0, 1) be such that the right-hand side of (4.4) is finite; 
then, by Lemma 4.2, u E W’rP(6, 1) for every 6 > 0. Let x, + 0 be such that 
lim l”(x~)lp = lirn inf lu(x)l ’ 
E-o+ E xP--l x-o+ xP--l . (4.5) 
It is known (see for instance Liu [Li] or Marcus and Mizel [MM2, 
Lemma 11) that for every E > 0 there exist an open subset A, of Ix,, 1 [ and 
a Lipschitz function v, (actually u, can be taken in C’(R)) such that 
meas <E 0, = 24 on lx,, 1 C \A,, lb, - 41 W’.P(XE, I) G E. 
Moreover, possibly relining the sequences (A,) and (v,) we may also 
assume that 
Iu:lPdx<E and Mxdl p l4xdl p <E 
xp--l--‘. xP--l (4.6) E E 
Define now 
u,(x) if x>x, 
u,(x) = VAX,) x 
X, 
if x<x,. 
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We have U,E W’,“(O, l), U, + u strongly in W’x’(O, l), and 
F((u,) = j;’ a,(~, u,) lu;l” dx + j- q,(x, u,) lu;l p dx 
A, 
+s a,(~, 4 IdIpdx I-%, 1 c \A 
lo,(xe)l p<-+ j xP- 1 4 
lullydx+ j’ a,(~, u) lu’lpdx. 
E ‘5 
Passing to the limit as E +O+, and recalling (4.5) and (4.6), we obtain 
(4.4). I 
Remark. 4.4. From Lemma 4.3 we obtain immediately 
l@)l p F(U) < G(u) + lim inf - 
x+0+ xP--l 
for every z4 E &(O, 1). (4.7) 
Therefore, by (4.2) and (4.7) we have 
F6Fp on &(O, 1). 
Hence F<pp which, together with (4.3) gives 
F=Fp on d(0, 1). 
Thus, in what follows, we shall use the functional F, instead of F; this 
allows us to use W1.p functions i nstead of Lipschitz functions in the 
approximations. 
LEMMA 4.5. For every u E &(O, 1) and every E > 0 there exists 
u, E WL’p(O, 1) such that u,(O) = 0, u, + u strongly in W’-‘(0, l), and 
Idx)l p lim inf F,(u,) < G(u) + lim inf xp--l. E-o+ x-o+ 
Proof: Let u E &‘(O, 1) be such that the right-hand side of (4.8) is finite; 
then by Lemma 4.2, u E W’,p(6, 1) for every 6 > 0. If u # cp in 10, S[ for a 
suitable 6 > 0, we have 
j” lu’lpdx=J-ba,(x,u) lu’lpdx< +co, 
0 0 
and so UE W1sp(O, 1). In this case it is enough to take U, = u to satisfy our 
requirements. Otherwise, let y, + 0 be such that u( y,) = cp(y,), and let 
x. + 0 be such that 
c 
lim Id-%)l p = lim inf I44xN p 
E-o+ E xP- 1 x-o+ xP--l . (4.9) 
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Possibly refining the sequence (x,) we may assume 
E > 0. Define now 
(W if x>y, 
that x, <y, for every 
u,(x) = 
i 
v(x) if x,<x<y, 
CPM -x if x<x,. 
XC 
We have U,E W’,p(O, l), U, -+ u strongly in W’,‘(O, l), and 
F,(u,)~jox~IUll~dr+jluy(xrU)I~~IPdXQ~+G(U). 
Y, E 
Passing to the limit as E + O+, and recalling (4.9), we obtain (4.8). \ 
We are now in a position to prove Theorem 4.1. 
Proof of Theorem 4.1. By Lemma 4.3, Remark 4.4, and Lemma 4.5 we 
obtain 
F(u) < G(u) + L(u) for every u E a(O, 1). 
In order to prove the opposite inequality, it is enough to show that the 
functional G + L is sequentially weakly 1.s.c. on &(O, 1). This is well known 
in the case 
lim inf g= 0; 
x-o+ 
therefore, it remains only to consider the case 
(4.10) 
Let U, U, E &(O, 1) be such that U, --*u weakly in W’,‘(O, 1); we have to 
prove that 
G(u)+L(u)<l;tn;nf [G(uE)+L(uE)]. (4.11) 
We may assume the lim inf in the right-hand side of (4.11) is a finite limit; 
moreover, by (4.2), inequality (4.11) is immediate if UE W’,P(O, 1). 
Therefore, we may also assume that u 4 W’*p(O, 1). By Lemma 4.3 and 
Lemma 4.5, for every E > 0 there exists u, E W1,p(O, 1) such that 
u,(O) = 0 II% - UCII W’~‘(O, 1) GE, F,(u,) G G(u,) + L(u,) + E. (4.12) 
LAVRENTIEVPHENOMENON 453 
Since a, E W1,P(O, 1) and (4.10) holds, in a suitable interval IO, x,[ we have 
u, # cp; moreover, since u,-+ u weakly in W’,‘(O, 1) and U# W1*p(O, l), we 
may assume that x, + 0 and u,(x,) = cp(x,). Then, for every E > 0 
which implies, for every 6 > 0 
lim inf F,(u,) > lim inf 
E+o+ 
Since 6 > 0 is arbitrary, we obtain 
lim inf I;,( u,) B G(U) + lim inf 
E-o+ x+0+ 
!$$G(u)+L(u) 
and this, together with (4.12) proves (4.11). 1 
There is a sharpened form of (4.1) which holds. 
PROPOSITION 4.6. For every UE&(O, l)\ W’3p(0, 1) with G(u) < +cc we 
have 
liminf y<liminf ~<limSup ~<limsup 9. (4.13) 
x-o+ x-o+ x-o+ x40+ 
Proof. Let us prove the first inequality in (4.13) by contradiction. 
Assume 
lim inf 3 > lim inf 9 
x-o+ x-o+ 
and let x, + 0 be such that 
lirn IUW p = lirn inf W)l p 
e-o+ E xP- 1 x-o+ xP--l. 
(4.14) 
(4.15) 
From (4.14) and (4.15) it follows that Iq(x,)l > lu(x,)l for E small enough. 
Set 
y,=min{x~ [x,, 11: u(x)=(p(x)} (y,= 1 ifu#cpin[x,, 11) 
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and assume there exists 6 > 0 such that y, > 6. Then a,(~, U) = 1 in lx,, S[, 
so that 
j” lu’lpdx= j6uv(x,u) lu’lPdxbG(u). 
XF .xi. 
As E + 0 we would obtain 
s b lu’lPdx< +co, 0 
so that, by Lemma 4.2, u E W’-p(O, 1) which contradicts the assumption 
UE &(O, l)\W’~p(O, 1). Therefore, the sequence y, (or a subsequence of it) 
tends to 0. and 
UJX, u) lu’l p dx. (4.16) 
Since a,(~, U) lu’l p is integrable on 10, l[, setting 
s 
YF 
CO,= a,(~, u) lu’l p dx, 
xi. 
we have w, + 0 and , by (4.16) 
u(y,) d 24(x,) + cQ”I y, - x,I(P- l)‘p. 
Then 
IdY,)l -= yp- 1)/P 
MYJI ~ l4al +w,,p< l4dl 
y’P- 1)/P 
E 
y(P--l)/P 6 
E 
~x!pWP 
which contradicts (4.14) and (4.15). 
Let us prove the last inequality in (4.13) by contradiction. Assume 
lim sup !$+J> lim sup 9 
x+0+ x-o+ 
and let x, + 0 be such that 
lim MXJI p = lim sup l4x)l p 
E-o+ E xP--l x+0+ xPpl . 
(4.17) 
(4.18) 
From (4.17) and (4.18) it follows that Iq(x,)l < lu(x,)l for E small enough. 
As before, if ~(0) #O, since u(0) = 0 and G(u) < +oo, we would obtain 
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u E W’*p(O, 1) which contradicts our assumptions. Then q(O) = 0, so that, 
setting 
y, = max(x E [0, 4: u(x)= cp(x)I 
a,(~, U) = 1 in ]yE, x,[. Then, as in the previous part, setting 
we have w, -+ 0 and 
(XC-YE) 
4%) - 4Ye) p< 
1 j 
,X8 
x,--Ye 
-“, lu’ydx=j; a,(x, 2.4) lu’lPdx= co,, 
P 
that is, 
24(x,) < u( YE) + coy Ix, - yp l)‘p. 
This implies 
which contradicts (4.17) and (4.18). 1 
Remark 4.7. By Proposition 4.6 we may write 
G(u) if UE W’~p(O, 1) 
F(u) = 
G(u) + lim inf 9 otherwise. 
x-o+ 
Moreover, when Icp(x)lp/xp-’ tends (as x+0+) to a limit (finite or not), 
taking into account (4.2) and Proposition 4.6 we get 
W)l F(U) = G(U) + lim inf - 
xP--l 
for every 2.4 E &+(O, 1). 
x-o+ 
5. FURTHER REMARKS 
We may consider the Lavrentiev phenomenon in a very abstract 
framework: given a topological space X, a dense subset Y c X, and a 
functional F:X + [0, + co ] define 
FX=sup{G:X+[O, +oo]:Gisl.s.c.,G<FonX} 
F,=sup{G:X+ [0, +co]:Gisl.s.c,GdFon Y}. 
580/110/2-1s 
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It is clear that Fx < F,, hence the Lavrentiev term L(u) defined for every 
uEXby 
L(u) = F,(u) - Fx(u) (L(u)=0 if F,(u)= +co) 
turns out to be nonnegative. In particular, L = F, - F whenever F is 1s.~. 
Consider now the case when X= W’,‘(Q; R”), Y= W’x “(Q; R”), and 
F(u)= jQ/( x, u, Du) dx (UEX). 
Here Q is a bounded open subset of R” with a Lipschitz boundary, X is 
endowed with the weak convergence , and f(x, s, z) is a nonnegative Bore1 
integrand. 
In some situations, it may occur that L(u) = 0 whenever Fx(u) < +co, so 
that the relaxed functional F, coincides with Fx. This is the case, for 
instance, when the integrand f is of Caratheodory type (in the sense of 
(2.1)) and satisfies a condition of the form 
c,(lzl p + al(x)) a-(x, s, 2) G CA IZI p + IsIP+ u*(x)) (5.1) 
with p>l, O<c,<c,, a,, a2 E L’(O). Indeed, in this case the following 
proposition holds. 
PROPOSITION 5.1. The functionals F, and F, coincide. 
Proof: Since px< F, and since F is finite only on W1~p(sZ; R”), in 
order to conclude the proof it is enough to show that 
F;,(u) < F(u) for every u E W1,p(Q; R”). (5.2) 
Let UE W1,p(sZ; R”) and let (uh) be a sequence in Lip[O, l] converging to 
u strongly in W1,p(Q; R”). Using the lower semicontinuity of F, and the 
fact that by the second inequality of (5.1) F is continuous in the WISP 
norm (cf., e.g., [ET]), we get 
Fy(u) < f[lmiaf F,(u,) < fl’mimf F(u,J = F(u) 
that is (5.2). 4 
Another class of functionals for which the Lavrentiev term L(u) vanishes 
whenever FZ (u) < + 00 is given by all integrals of the form (here n = m = 1) 
F(u)= j;f(x, u’)dx (UE W’~‘(O, l)), (5.3) 
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where f: Q x R + [0, +co] is a Bore1 function such that 
f(x, . ) is convex and 1.s.c. on R for a.e. x E 0; (5.4) 
there exists USE L@[O, l] with F(u,) < +co. (5.5) 
Then F is sequentially weakly 1.s.c. and the following proposition holds 
(see De Arcangelis [De]). 
PROPOSITION 5.2. Let f: !J x R -+ [0, +CQ] be a Bore1 function satisfying 
(5.4) and (5.5), and let F be given by (5.3). Then we have 
Fy = F(u) for every u E W’,‘(O, 1). 
Proof: By considering the function 
g(x, z) =f(x, z + ub(x)) 
we may reduce ourselves to the case u,,= 0 in (5.5). Moreover, the 
assumptions made on f imply that the functional F is sequentially weakly 
1.s.c. on W’,‘(O, 1). Therefore we have 
F:,(u) b F(u) for every UE W’~‘(O, 1). 
In order to prove the opposite inequality, fix u E W’~‘(O, l), and for every 
hEN and XEQ define 
U/,(X) = u(O) + jx (u’(t) A h) v (-h) dt. 
0 
We have that uh E Lip[O, l] and 
jol I&-u’l dx= j Ih- Id I dx 
flu’1 >hl 
6 I WI >hi (h+ lu’l)dxe2 jf,u,,>,, Id dx. 
Hence uh -+ u strongly in W’*‘(O, l), and so, by the convexity of f(x, .), 
F,(u) < 31’iFmf F(u,J 
= lim inf i,u.,<hjf(x, u’)dx+j f (x, h) dx h- +m {u’>h] 
+s f(x, -h)dx (U’< -h} 1 
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6 s J(x, u’) dx+liiEfj il4>hl 
f(x,O)dx=f~f(x,u’)dx, 
where the last equality follows from the fact that f(x, 0) has been supposed 
integrable and meas( { lu’l > h}) + 0 as h + +co. Therefore the proof is 
completely achieved. 1 
It is known (see Proposition 5.2 and also Clarke and Vinter [CV], 
Ambrosio, Ascenzi, and Buttazzo [AAB]) that if n = m = 1 then in order 
to have the Lavrentiev phenomenon (that is, L(u) #O for some UE X) the 
integrand f must depend on all its variables x, s, z. If n > 1 and m = 1, on 
the contrary, we may have the Lavrentiev phenomenon even for integrands 
of the form f(x, z) (see De Arcangelis [De]), whereas if n > 1 and m > 1 
and example in which the Lavrentiev phenomenon occurs has been 
provited by Bethuel, Brezis, and Coron [BBC] and by Giaquinta, Modica, 
and Soucek [GMS] with 
In the case it > 1, m > 1 the Lavrentiev phenomenon may occur even with 
integrands of the form f=f(z); indeed Miiller [Mu] (see also Marcellini 
[Marl, Mar2]) showed that if n = m = 2, p E ]4/3,2[, and 
F(u) = 1 (det Dul dx (u E W1,p(Q, R2)) 
f2 
with the weak Wisp convergence, one has 
for some u E W’,p(Q, R2). 
The problem of determining whether for n> 1, m > 1, f=f(z) the 
Lavrentiev phenomenon can occur in general with 1s.~. functionals of the 
form 
F(u) = j f(h) dx 
R 
is, as far as we know, still open (except in the casef(z) convex, where L = 0 
under some mild assumptions on f or on Q). 
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